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Abstract. Let k be an arbitrary field of characteristic 0. It is shown that for any n ≥ 1
the universal enveloping algebras of the Poisson symplectic algebra Pn(k) and the Weyl
algebra An(k) are isomorphic and the canonical isomorphism between them easily leads
to the Moyal product. A basis of the universal enveloping algebra P e of a free Poisson
algebra P = k{x1, . . . , xn} is constructed and proved that the left dependency of a finite
number of elements of P e over P e is algorithmically recognizable. We prove that if two
elements of a free Poisson algebra do not generate a free two generated subalgebra then
they commute. The Fox derivatives on free Poisson algebras are defined and it is proved
that an analogue of the Jacobian Conjecture for two generated free Poisson algebras is
equivalent to the two-dimensional classical Jacobian Conjecture. A new proof of the
tameness of automorphisms of two generated free Poisson algebras is also given.
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1. Introduction
The main property of the universal (multiplicative) enveloping algebra UM(A) of an
algebra A in a variety of algebrasM is that the notion of an A-bimodule inM is equivalent
to the notion of a left module over the associative algebra UM(A) (see, for example [14]).
The universal enveloping algebra of a Poisson algebra was studied in [21]. A linear basis
of the universal enveloping algebra is constructed in [22] for Poisson polynomial algebras,
i.e. for Poisson brackets on the polynomial algebras k[x1, . . . , xn]. In general case the
validity of an analogue of the Poincare-Birkhoff-Witt theorem is still open.
We study the universal enveloping algebras of Poisson symplectic algebras and free
Poisson algebras. For any Poisson algebra P denote by P e its universal enveloping algebra.
Note that the universal enveloping algebra Ae of an associative algebra A in the variety of
associative algebras is A⊗kA
op where Aop is an anti-isomorphic copy of A (see, for example
[35, 36]). It is proved that the universal enveloping algebras of the Poisson symplectic
algebra Pn and the Weyl algebra An are isomorphic. The canonical isomorphism between
P en and A
e
n naturally leads to the Moyal product (Lemma 6).
It is well known that the universal enveloping algebras of free Lie algebras are free
associative algebras. P.Cohn [9] proved that every left ideal of a free associative algebra
1Supported by an NSF grant DMS-0904713 and by a grant of Kazakhstan, Department of Mathematics,
Eurasian National University, Astana, 010008, Kazakhstan and Department of Mathematics, Wayne State
University, Detroit, MI 48202, USA, e-mail: umirbaev@math.wayne.edu
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is a free left module. In fact, it follows from this theorem [36] that subalgebras of free Lie
algebras are free [28, 38] and automorphisms of finitely generated free Lie algebras are
tame [8].
Let P = k{x1, . . . , xn} be the free Poisson algebra in the variables x1, . . . , xn. We
construct a linear basis of the universal enveloping algebra P e. Unfortunately left ideals of
P e are not free left P e-modules, i.e., an analogue of Cohn’s theorem [9] for free associative
algebras is not true in this case. We prove a weaker result which says that the left
dependency of a finite set of elements P e over P e is algorithmically recognizable. We
prove that any two elements of a free Poisson algebra over a field of characteristic 0 either
generate a free Poisson algebra in two variables or commute. This result was also proved
in [16] and an analogue of this result for free associative algebras is well known [9]. We
prove that an analogue of the Jacobian Conjecture for two generated free Poisson algebras
is equivalent to the two dimensional classical Jacobian Conjecture. A new proof of the
tameness of automorphisms of two generated free Poisson algebras is also given.
This paper is organized as follows. In Section 2 we give the definition of Poisson
modules and universal enveloping algebras of Poisson algebras by generators and defining
relations. We define also the universal derivations of Poisson algebras. Section 3 is
devoted to studying the universal enveloping algebras of Pn and An. In Section 4 we
construct a linear basis of the universal enveloping algebra P e of the free Poisson algebra
P = k{x1, . . . , xn}. We introduce a degree function on the universal enveloping algebra
P e and describe its associated graded algebra gr P e. In Section 5 we consider the left
dependency of elements over P e and study in details the left dependency of two elements
of a special type over gr P e. Section 6 is devoted to studying the universal derivations and
two generated subalgebras of free Poisson algebras. In Section 7 we give some comments
and formulate some open problems.
All vector spaces are considered over an arbitrary fixed field k of characteristic 0. In
the statements of algorithmic character we assume that k is constructive.
2. Universal enveloping algebras
Recall that a vector space P over k endowed with two bilinear operations x ·y (a multi-
plication) and {x, y} (a Poisson bracket) is called a Poisson algebra if P is a commutative
associative algebra under x·y, P is a Lie algebra under {x, y}, and P satisfies the following
identity (the Leibniz identity):
{x, y · z} = {x, y} · z + y · {x, z}.
Let P be a Poisson algebra over k. A vector space V over k is called a Poisson module
over P (or Poisson P -module) if there are two bilinear maps
P × V −→ V, ((x, v) 7→ x · v)
and
P × V −→ V, ((x, v) 7→ {x, v}),
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such that the relations
(x · y) · v = x · (y · v),
{{x, y}, v} = {x, {y, v}} − {y, {x, v}},
{x · y, v} = y · {x, v}+ x · {y, v},
{x, y} · v = {x, y · v} − y · {x, v}
hold for all x, y ∈ P and v ∈ V .
The first relation means that every Poisson P -module is a usual (left) module over the
associative and commutative algebra P . Sometimes we consider P as an associative and
commutative algebra with x · y and a module over this algebra will be called a module
over the commutative algebra P .
Let V be a Poisson module over a Poisson algebra P . For every x ∈ P we denote by
Mx the operator of multiplication by x acting on V , i.e., Mx(v) = x · v for any v ∈ V . For
every x ∈ P we define also the Hamiltonian operator Hx on V by Hx(v) = {x, v}. Then
the Poisson module relations can be written as
Mxy =MxMy,
H{x,y} = HxHy −HyHx,
Hxy =MyHx +MxHy,
M{x,y} = HxMy −MyHx,
respectively.
We consider only Poisson algebras with an identity element 1 and unitary modules over
Poisson algebras, i.e. M1 = id.
Now we give the definition of the universal (multiplicative) enveloping algebra P e of
a Poisson algebra P . Let mP = {ma|a ∈ P} and hP = {ha|a ∈ P} be two copies of
the vector space P endowed with two linear isomorphisms m : P −→ mP (a 7→ ma) and
h : P −→ hP (a 7→ ha). Then P
e is an associative algebra over k, with an identity 1,
generated by two linear spaces mP and hP and defined by the relations
mxy = mxmy,
h{x,y} = hxhy − hyhx,
hxy = myhx +mxhy,
m{x,y} = hxmy −myhx = [hx, my],
m1 = 1
for all x, y ∈ P . The last relation comes from our agreement to consider only unitary
P -modules. Note that h1 = 0.
By the definition of the universal (multiplicative) enveloping algebras [14] the notion of
a bimodule over an algebra is equivalent to the notion of a left module over its universal
enveloping algebra. Let V be an arbitrary Poisson P -module. Then V becomes a left
P e-module under the action
mxv = x · v, hxv = {x, v},
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for all x ∈ P and v ∈ V . Conversely, if V is a left P e-module then the same formulas
turn V to a Poisson P -module.
Corollary 1. The category of unitary Poisson modules over a Poisson algebra P and the
category of (left) unitary modules over the universal enveloping algebra P e are equivalent.
The first example of a Poisson P -module is V = P under the actions x · v and {x, v}.
Since 1 ∈ P and mx1 = x it follows that the mapping
m : P −→ P e (x 7→ mx)
is an injection. Therefore we identify mx with x. After this identification the essential
part of the defining relations of Pe are
h{x,y} = hxhy − hyhx,(1)
hxy = yhx + xhy,(2)
{x, y} = hxy − yhx = [hx, y],(3)
for all x, y ∈ P . From (3) follows that
[hx, y] = [x, hy].(4)
Let ΩP be the left ideal of P
e generated by all hx where x ∈ P . Consider the mapping
∆ : P −→ ΩP (x 7→ hx).
It follows from (1) and (2) that ∆ is a derivation of the Poisson algebra P with coefficients
on the Poisson P -module ΩP .
Lemma 1. ∆ is the universal derivation of the Poisson algebra P and ΩP is the universal
differential module of P .
Proof. Recall that by the definition it means (see, for example [35, 36]) that for any Pois-
son P -module V and for any derivation d : P → V there exists a unique homomorphism
τ : ΩP → V of Poisson P -modules such that d = τ∆.
We follow the construction of the universal differential modules by generators and
defining relations (see, for example [6]). Let P be a copy of the vector space P . Consider
the left P e-module V = P e⊗P . Denote by φ : P → V the mapping defined by φ(x) = 1⊗x
for all x ∈ P . Let W be a submodule of V generated by all hx ⊗ y − hy ⊗ x− 1⊗ {x, y}
and y⊗x+x⊗y−1⊗xy, where x, y ∈ P . PutM = V/W and denote by ψ : V →M the
natural homomorphism. It is well known that [6, 35, 36] the mapping D = ψφ : P → M
is the universal derivation and M is the universal differential module of P .
Since V is a P e-module freely generated by the vector space P there exists a P e-module
homomorphism η : V → ΩP such that η(x) = hx for all x ∈ P . It follows from (1) and (2)
that W ⊆ Ker η. Consequently, η induces the homomorphism θ : M → ΩP . Note that
from (1)–(3) it follows that ΩP is a P
e-module generated by symbols hx and defined by
relations (1) and (2). Consequently, θ is an isomorphism. 
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3. Universal enveloping algebras of Pn and An
For an integer n ≥ 1 the Poisson symplectic algebra Pn is the usual polynomial algebra
k[x1, . . . , xn, y1, . . . , yn] endowed with the Poisson bracket defined by
{xi, yj} = δij, {xi, xj} = 0, {yi, yj} = 0,
where δij is the Kronecker symbol and 1 ≤ i, j ≤ n.
By An denote the Weyl algebra of index n, i.e., An is an associative algebra given by
generators X1, . . . , Xn, Y1, . . . , Yn and defined relations
[Xi, Yj] = δij , [Xi, Xj] = 0, [Yi, Yj] = 0,
where 1 ≤ i, j ≤ n.
Let k[z1, z2, . . . , zn] be the polynomial algebra in the variables z1, z2, . . . , zn. Denote
by D(k[z1, z2, . . . , zn]) the algebra of polynomial differential operators on k[z1, z2, . . . , zn].
Note that An is isomorphic to D(k[z1, z2, . . . , zn]):
Yi 7→ zi, Xi 7→ ∂i =
∂
∂zi
, 1 ≥ i ≥ n.
The statement of the next lemma was also mentioned in [21].
Lemma 2. P en ≃ D(k[x1, . . . , xn, y1, . . . , yn]) ≃ A2n.
Proof. It follows directly from (1)–(4) that P en is generated by xi, yi, hxi, hyi and satisfies
the relations
[xi, xj ] = [xi, yj] = [yi, yj] = 0, [hxi, hxj ] = [hxi, hyj ]
= [hyi, hyj ] = 0, [hxi, yi] = {xi, yi} = 1, [hyi, xi] = {yi, xi} = −1,
for all i, j.
The Weyl algebra A2n is generated by X1, . . . , X2n, Y1, . . . , Y2n and defined by the rela-
tions
[Xi, Yj] = δij , [Xi, Xj] = 0, [Yi, Yj] = 0,
where 1 ≤ i, j ≤ 2n. Consequently, there exists a surjective homomorphism φ : A2n −→
P en such that
Xi 7→ xi, Xi+n 7→ yi, Yi 7→ hyi, Yi+n 7→ −hxi
for all 1 ≤ i ≤ n. Since A2n is simple it follows that φ is an isomorphism. 
Now let A be an arbitrary associative algebra over k with an identity. Then the universal
enveloping algebra Ae of A is A ⊗k A
op, where Aop is an algebra anti-isomorphic to A.
Algebra Aop is considered together with an anti-isomorphism ′ : A −→ Aop. In fact, each
operator of the left multiplication lx is represented by x⊗1 and each operator of the right
multiplication rx is represented by 1 ⊗ x
′ in A ⊗k A
op. Following the main property of
the universal enveloping algebras (see [14]) we get that the category of associative unitary
A-bimodules and the category of left unitary Ae-modules are equivalent.
Note that Aopn is isomorphic to An again. An isomorphism, can be chosen, for example,
as ϕ : An −→ A
op
n with ϕ(Xi) = X
′
i, ϕ(Yi) = −Y
′
i for all i. Then, A
e
n = An ⊗k A
op
n ≃
An ⊗k An ≃ A2n and consequently, P
e
n ≃ A
e
n. We proved
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Theorem 1. For every integer n ≥ 1 the universal enveloping algebras of the Poisson
symplectic algebra Pn and the Weyl algebra An are isomorphic to the Weyl algebra A2n,
i.e.
P en ≃ A
e
n ≃ A2n.
Corollary 2. The category of unitary Poisson modules over the Poisson symplectic alge-
bra Pn and the category of unitary bimodules over the Weyl algebra An are equivalent.
The notion of bimodules in the case of Poisson algebras corresponds to the notion of
Poisson modules, as it follows from the commutativity and anti-commutativity of opera-
tions.
Therefore P en is isomorphic to A
e
n. We use this isomorphism to get the Moyal product.
In fact, there are many isomorphisms between Aen and P
e
n . We choose ”the most canonical”
one between them in the next lemma.
Lemma 3. There exists a unique isomorphism θ : Aen −→ P
e
n such that
θ(Xi ⊗ 1) = xi + 1/2hxi, θ(1⊗X
′
i) = xi − 1/2hxi,
θ(Yi ⊗ 1) = yi + 1/2hyi, θ(1⊗ Y
′
i ) = yi − 1/2hyi,
for all 1 ≤ i ≤ n.
Proof. The existence of θ follows from (1)–(3). For example,
[θ(Xi ⊗ 1), θ(Yi ⊗ 1)] = [xi + 1/2hxi, yi + 1/2hyi]
= 1/2[xi, hyi] + 1/2[hxi, yi] + 1/4[hxi, hyi] = {xi, yi} = 1,
[θ(1 ⊗X ′i), θ(1⊗ Y
′
i )] = [xi − 1/2hxi, yi − 1/2hyi]
= −1/2[xi, hyi ]− 1/2[hxi, yi] + 1/4[hxi, hyi] = −{xi, yi} = −1,
[θ(Xi ⊗ 1), θ(Xj ⊗ 1)] = [xi + 1/2hxi, xj + 1/2hxj ]
= 1/2[xi, hxj ] + 1/2[hxi, xj ] + 1/4[hxi, hxj ] = 0,
if i 6= j. Obviously, θ is surjective. And it is also injective since Aen is simple. 
Denote by L the linear space kx1 + . . . + kxn + ky1 + . . . + kyn. We define a linear
bijection
w : Pn → An
by
w(l1l2 . . . lp) = 1/p!
∑
pi∈Sp
lpi(1)lpi(2) . . . lpi(p)
for all l1, l2, . . . , lp ∈ kx1 + . . . + kxn + ky1 + . . . + kyn. This mapping is called the
symmetrization [12]
Let us introduce some notations. Let Z+ be the set of all nonnegative integers. For
every α = (i1, i2, . . . , it) ∈ Z
t
+ we put |α| = i1 + i2 + . . . + it and α! = i1!i2! . . . it!. If
b = (b1, b2, . . . , bt), where b1, b2, . . . , bt is a subset of commuting elements of an algebra B,
then we put
bα = bi11 b
i2
2 . . . b
it
t .
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We set
∂x = (
∂
∂x1
,
∂
∂x2
, . . . ,
∂
∂xn
), ∂y = (
∂
∂y1
,
∂
∂y2
, . . . ,
∂
∂yn
),
∂ = (
∂
∂x1
, . . . ,
∂
∂xn
,
∂
∂y1
, . . . ,
∂
∂yn
),
hx = (hx1 , hx2, . . . , hxn), hy = (hy1, hy2 , . . . , hyn),
h = (hx1 , . . . , hxn, hy1 , . . . , hyn),
where ∂
∂xi
, ∂
∂yi
are usual partial derivatives of Pn.
Lemma 4. If f ∈ Pn then
θ(w(f)⊗ 1) =
∑
γ∈Z2n
+
1
γ!2|γ|
∂γ(f)hγ =
∑
γ∈Z2n
+
1
γ!2|γ|
∂γ(f)hγ.
Proof. By the linearity, it is sufficient to prove the statement of the lemma only for
elements of the form f = lp, where l ∈ kx1 + . . . + kxn + ky1 + . . . + kyn. In this case
w(f) = w(l)p. Hence
θ(w(f)⊗ 1) = θ(w(l)p ⊗ 1) = (θ(w(l)⊗ 1))p = (l + 1/2hl)
p.
Note that l and h(l) commute. Consequently,
θ(w(f)⊗ 1) =
p∑
i=0
(
p
i
)
1
2i
lp−ihil =
p∑
i=0
1
i!2i
∂if
∂li
hil.
Let l = a1x1 + . . . + anxn + b1y1 + . . . + bnyn and put c = (a1, . . . , an, b1, . . . , bn). The
elements hx1, . . . , hxn , hy1, . . . , hxn commute. Using multinomial coefficients we can write
hil =
∑
λ∈Z2n
+
,|λ|=i
i!
λ!
cλhλ.
Note that ∂λ(f) = cλ ∂
if
∂li
if |λ| = i. Consequently,
θ(w(f)⊗ 1) =
∑
γ∈Z2n
+
1
γ!2|γ|
∂γ(f)hγ.
The second equality of the lemma can be proved similarly. 
If α = (i1, . . . , in, j1, . . . , jn) ∈ Z
2n
+ then we put α1 = (i1, . . . , in) ∈ Z
n
+ and α2 =
(j1, . . . , jn) ∈ Z
n
+. We often write α = (α1, α2) and put α
∗ = (α2, α1).
Lemma 5. If f ∈ Pn then
1
γ!
hγf =
∑
α+β=γ
(−1)|α2|
α!β!
∂α
∗
(f)hβ
for all γ ∈ Z2n+ .
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Proof. Put Ha(f) = [ha, f ] for all a, f ∈ P and put also H = (hx1 , . . . , hxn, hy1, . . . , hyn).
Using the relations
hxif = [hxi , f ] + fhxi, hyif = [hyi, f ] + fhyi,
and multinomial coefficients, we get
1
γ!
hγf =
∑
α+β=γ
1
α!β!
Hα(f)hβ.
Note that
Hxi(f) = [hxi, f ] =
∂
∂yi
(f), Hyi(f) = [hyi, f ] = −
∂
∂xi
(f)
for all i. Consequently, Hα(f) = (−1)|α2|∂α
∗
(f). 
Consider the mapping
ρw : Pn −→ P
e
n , f 7→ w(f)⊗ 1, f ∈ Pn.
Lemma 6. The product
f ∗w g = ρ
−1
w (ρw(f)ρw(g))
is the Moyal product on Pn, i.e.
f ∗w g =
∑
α∈Z2n
+
(−1)|α2|
α!2|α
∂α(f)∂α
∗
(g).
Proof. Direct calculation gives
θ(w(f)⊗ 1)θ(w(g)⊗ 1) =
∑
γ,δ∈Z2n
+
1
γ!δ!2|γ+δ|
∂γ(f)hγ∂δ(g)hδ
=
∑
γ,δ∈Z2n
+
∑
α+β=γ
(−1)|α2|
α!β!δ!2|γ+δ|
∂γ(f)∂α
∗+δ(g)hβ+δ
=
∑
µ
(
∑
β+δ=µ
∑
α
(−1)|α2|
α!β!δ!2|α+β+δ|
∂α+β(f)∂α
∗+δ(g))hµ
=
∑
µ
1
µ!2|µ|
∂µ(
∑
α
(−1)|α2|
α!2|α
∂α(f)∂α
∗
(g))hµ =
∑
µ
1
µ!2|µ|
∂µ(f ∗w g)h
µ.
Consequently,
ρ−1w (ρw(f)ρw(g)) = ρ
−1
w (θ(w(f)⊗ 1)θ(w(g)⊗ 1)) = f ∗w g
for all f, g ∈ Pn. 
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4. Enveloping algebras of free Poisson algebras
Let g be a Lie algebra with a linear basis e1, e2, . . . , ek, . . .. The Poisson symmetric
algebra PS(g) of g is the usual polynomial algebra k[e1, e2, . . . , ek, . . .] endowed with the
Poisson bracket defined by
{ei, ej} = [ei, ej]
for all i, j, where [x, y] is the multiplication in the Lie algebra g.
Denote by P = k{x1, x2, . . . , xn} the free Poisson algebra over k in the variables
x1, x2, . . . , xn. From now on let g = Lie〈x1, x2, . . . , xn〉 be the free Lie algebra with
free (Lie) generators x1, x2, . . . , xn. It is well-known (see, for example [26]) that the Pois-
son symmetric algebra PS(g) is the free Poisson algebra P = k{x1, x2, . . . , xn} in the
variables x1, x2, . . . , xn.
By deg we denote the standard degree function of the homogeneous algebra P , i.e.
deg(xi) = 1, where 1 ≤ i ≤ n. Note that
deg {f, g} = deg f + deg g
if f and g are homogeneous and {f, g} 6= 0. By degxi we denote the degree function on
P with respect to xi. If f is homogeneous with respect to each degxi, where 1 ≤ i ≤ n,
then f is called multihomogeneous.
Let us choose a multihomogeneous linear basis
x1, x2, . . . , xn, [x1, x2], . . . , [x1, xn], . . . , [xn−1, xn], [[x1, x2], x3], . . .
of a free Lie algebra g and denote the elements of this basis by
e1, e2, . . . , em, . . . .(5)
The algebra P = k{x1, x2, . . . , xn} coincides with the polynomial algebra on the ele-
ments (5). Consequently, the set of all words of the form
u = eα = ei11 e
i2
2 . . . e
im
m ,(6)
where 0 ≤ ik, 1 ≤ k ≤ m, and m ≥ 0, forms a linear basis of P . The basis (6) is
multihomogeneous since so is (5).
Let k{x1, x2, . . . , xn, y} be the free Poisson algebra in the variables x1, x2, . . . , xn, y.
Denote by W the set of all homogeneous of degree one with respect to y elements of
k{x1, x2, . . . , xn, y}.
Theorem 2. Let P = k{x1, x2, . . . , xn} be the free Poisson algebra over a field k in the
variables x1, x2, . . . , xn and let P
e be its universal enveloping algebra. Then the following
statements are true:
(i) The subalgebra A (with identity) of P e generated by hx1 , hx2, . . . , hxn is the free
associative algebra in the variables hx1 , hx2, . . . , hxn;
(ii) The left commutative P -module P e is isomorphic to the left commutative P -module
P ⊗k A.
9
Proof. Recall that P{x1, x2, . . . , xn, y} is the Poisson symmetric algebra of the free Lie
algebra Lie〈x1, x2, . . . , xn, y〉. The elements of the form
{xi1 , {xi2 , . . . , {xik , y} . . .}} = hxi1hxi2 . . . hxik (y)
are linearly independent in the free Lie algebra Lie〈x1, x2, . . . , xn, y〉. Consequently, the
elements of the form
hxi1hxi2 . . . hxik(7)
are linearly independent in P e.
Using (1)–(4), it can be easily shown that every element of P e can be written as a linear
combination of elements pw, where p ∈ P and w is an element of the form (7).
Let B1 be the linear basis (5) of the free Lie algebra g = Lie〈x1, x2, . . . , xn〉. Denote
by B2 the set of all elements of the form wy, where w is an element of the form (7). Note
that the set of elements B1
⋃
B2 is linearly independent. We can choose a set of elements
B3 of degree ≥ 2 in y such that B1
⋃
B2
⋃
B3 is a linear basis of Lie〈x1, x2, . . . , xn, y〉.
Then P{x1, x2, . . . , xn, y} is a polynomial algebra in the set of variables B1
⋃
B2
⋃
B3.
Consequently, W is a free left module over the polynomial algebra k[B1] and B2 is a set
of free generators. Note that P = k[B1]. 
Corollary 3. Every nonzero element u of the universal enveloping algebra P e can be
uniquely written in the form
u =
k∑
i=1
piwi,(8)
where 0 6= pi ∈ P for all i and w1, w2, . . . , wk are different elements of the form (7).
Put hxi < hxj if i < j. Let u, v be two elements of the form (7). Then put u < v if
deg u < deg v or deg u = deg v and u precedes v in the lexicographical order. We can
assume w1 < w2 < . . . < wk in (8). Then wk is called the leading monomial of u and pk
is called the leading coefficient of u. We will write wk = ldm(u) and pk = ldc(u). The
leading term of u is defined by ldt(u) = ldc(u)ldm(u).
Lemma 7. If u and v are arbitrary nonzero elements of P e then ldc(uv) = ldc(u)ldc(v)
and ldm(uv) = ldm(u)ldm(v).
Proof. Note that if u and v are two elements of the form (8) then to put the product
uv into the form (8) again we need to use only the relations (3). This means that hxi
and y ∈ P commutes modulo terms of smaller degrees in the variables hx1 , hx2, . . . , hxn.
Consequently, we can put uv into the form (8) with the leading monomial ldm(u)ldm(v)
and the leading coefficient ldc(u)ldc(v). 
Now we introduce a degree function hdeg (or h-degree function) on P e. Let u be
an element of P e written in the form (8). Then we put hdeg u = maxki=1deg wi and
hdeg 0 = −∞. We say that u is homogeneous with respect to hdeg if deg w1 = deg w2 =
. . . = deg wk. It follows directly from Lemma 6 and (3) that
hdeg uv = hdeg u+ hdeg v
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for every u and v from P e, i.e., hdeg is a degree function on P e. Denote by u the highest
homogeneous part of u with respect to hdeg.
Denote by Ui the subset of all elements u of P
e with hdeg u ≤ i. Then,
P = U0 ⊂ U1 ⊂ U2 ⊂ . . . ⊂ Uk ⊂ . . . ,
is a filtration of P e, i.e., UiUj ⊆ Ui+j for all i, j ≥ 0. Put also
gr P e = gr U0 ⊕ gr U1 ⊕ gr U2 ⊕ . . .⊕ gr Uk ⊕ . . . ,
where gr U0 = P and gr Ui = Ui/Ui−1 for all i ≥ 1. Denote by ϕi : Ui → gr Ui the natural
projection for every i ≥ 1 and put ϕ0 = id : P → P . We define also
ϕ = {ϕi}i≥0 : P
e → gr P e(9)
by ϕ(u) = ϕi(u) if u ∈ Ui \ Ui−1 for every i ≥ 1 and ϕ(u) = u if u ∈ P .
The multiplication of P e induces a multiplication on gr P e and the graded vector space
gr P e becomes an algebra.
Consider B = P ⊗k A as a tensor product of associative algebras. Then B is a free
associative algebra over P in the variables hx1 , hx2, . . . , hxn.
Theorem 3. The graded algebra gr P e is isomorphic to B = P ⊗k A.
Proof. By (3), P is in the center of the algebra gr P e and gr P e is generated by
ϕ(hx1), ϕ(hx2), . . . , ϕ(hxn) as an algebra over P . Note that B = P ⊗k A is a free as-
sociative algebra over P . Then there is a P -algebra homomorphism ψ : B → gr P e such
that ψ(hxi) = ϕ(hxi) for all i.
Let Ts be the space of homogeneous with respect to hdeg elements of P
e of degree
s ≥ 1 and Bs be the space of homogeneous of degree s elements of B. There is an obvious
isomorphism between the spaces Ts and As established by the P -module homomorphism
in Theorem 2. Note that Us = Us−1 + Ts, Us/Us−1 ≃ Ts ≃ Bs, and ψ|Bs : Bs → gr Us is
an isomorphism of P -modules. Consequently, Ker (ψ) = 0 and ψ is an isomorphism of
algebras. 
5. The left dependency
We use the notations of Section 4.
Lemma 8. Let u ∈ P e and hdeg u = m. Then there exists v ∈ P e such that λm+1u = vλ.
Proof. By (3), λu = uλ+ u1, where u1 has degree less than m. Consequently, λ
m+1u =
wλ by induction on m. 
Let u and v be two elements of the form (7). We write u≪ v if u is a left divisor of v,
i.e., v = tu for some t of the form (7).
Definition 1. Let u and v be nonzero elements of P e such that ldm(u) = ldm(v). Let
r = gcd(ldc(u), ldc(v)) be the greatest common divisor of ldc(u) and ldc(v). Then put
(u, v)c = (ldc(v)/r)u− (ldc(u)/r)v.
Note that (u, v)c = 0 or ldm((u, v)c) < ldm(u) = ldm(v).
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Lemma 9. Let s1, s2, . . . , sk be a finite set of nonzero elements of P
e. If ldm(si) and
ldm(sj) are not comparable with respect to≪ for every i 6= j then the elements s1, s2, . . . , sk
are left independent over P e.
Proof. Suppose that
k∑
r=1
ursr = 0.(10)
By Lemma 7, ldm(ursr) = ldm(ur)ldm(sr) for every r. Suppose that the equation (10) is
not trivial, i.e., at least one of the coefficients ur is nonzero. Then, comparing the leading
monomials of the summands, we conclude that ldm(ui)ldm(si) = ldm(uj)ldm(sj) 6= 0 for
some i 6= j. It is possible if and only if ldm(si) ≪ ldm(sj) or ldm(si) ≫ ldm(sj). This
contradicts to the condition of the lemma. 
Lemma 10. Let s1, s2, . . . , sk be a finite set of nonzero elements of P
e. Suppose that
ldm(si) ≫ ldm(sj) and ldm(si) = t · ldm(sj). Put s
′
i = (si, sj)c. Then the elements
s1, s2, . . . , sk are left dependent over P
e if and only if the elements
s1, s2, . . . , si−1, s
′
i, si+1, . . . , sk are left dependent over P
e.
Proof. Consider the equation (10). By Lemma 8, there exists a number m such that
λmui = viλ for every λ ∈ P and i. We choose
λ = ldc(sj)/µij,
where µij = gcd(ldc(si), ldc(sj)).
Note that
λsi = s
′
i + (ldc(si)/µij)sj .
Then (10) is equivalent to
k∑
r=1
vrλsr =
∑
r 6=i,j
vrλsr + vis
′
i + (vjλ+ vi(ldc(si)/µij))sj = 0.
Obviously, this relation is trivial if and only if (10) is trivial. 
Theorem 4. In the universal enveloping algebra P e of the free Poisson algebra P =
k{x1, x2, . . . , xn} the left dependency of a finite system of elements is algorithmically rec-
ognizable.
Proof. Let s1, s2, . . . , sk be a finite set of nonzero elements of P
e. If ldm(si) and ldm(sj)
are not comparable with respect to ≪ for every i 6= j then the elements s1, s2, . . . , sk are
left independent over P e by Lemma 9.
If ldm(si)≫ ldm(sj) for some i 6= j then we can change si by s
′
i, according to Lemma
10. Note that ldm(si) > ldm(s
′
i). If s
′
i = 0 then the elements s1, s2, . . . , sk are left
dependent. If s′i 6= 0 then we will apply the same discussions to the new system of
elements s1, s2, . . . , si−1, s
′
i, si+1, . . . , sk. This process stabilizes after a finite number of
steps since the set of all leading monomials is well-ordered. 
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Recall that B = P ⊗k A is the free associative algebra over P in the variables y1 =
hx1 , y2 = hx2 , . . . , yn = hxn . Considering B as an algebra over P , we define a degree
function Deg on B by Deg yi = 1, where 1 ≤ i ≤ n.
Denote by L the Lie subalgebra of the Lie algebra A(−) generated by y1, y2, . . . , yn.
Then L is a free Lie algebra and y1, y2, . . . , yn are free generators of L. We need the next
purely Lie-theoretical statement.
Lemma 11. Let f be a homogeneous nonlinear element of L such that f = f1y1 + f2y2 +
. . .+ fnyn and fn 6= 0 in A. Then there exists i ≤ n− 1 such that ldm(fi) > ldm(fn).
Proof. Recall that a nonempty associative word u in the alphabet y1, y2, . . . , yn is called
a Lindon-Shirshov word (see, for example [7]) if for every nonempty words v and w the
equality u = vw implies vw > wv. It is well known that if f ∈ L then ldm(f) is a
Lindon-Shirshov word [7].
Suppose that for every nonzero fi, where i ≤ n− 1, ldm(fi) ≤ ldm(fn), then ldm(f) =
ldm(fn)yn = u and u is a Lindon-Shirshov word. Put v = ldm(fn), then vyn > ynv.
Since yn is the greatest symbol of the alphabet it follows that v = ynw and wyn > ynw.
Continuing the same discussions we can get that u = ysn for some s ≥ 2. Note that y
s
n is
not a Lindon-Shirshov word. 
Lemma 12. Let f and g be nonzero homogeneous with respect to Deg elements of
P ⊗k L ⊆ P ⊗k A = B. If f and g are left dependent over B then Deg f = Deg g.
Proof. Suppose that Deg f ≥ Deg g. The elements f and g are left dependent in a
free associative algebra over P . Then there exist a nonzero λ ∈ P and a homogeneous
of degree Deg f −Deg g element T ∈ B such that λf = Tg. Changing f by λf we may
assume that
f = Tg.(11)
Every nonzero homogeneous element b ∈ B can be represented as
b = β1 ⊗ a1 + β2 ⊗ a2 + . . .+ βs ⊗ as
with the least possible s, ldm(a1) < ldm(a2) < . . . < ldm(as), and ldc(a1) = ldc(a2) =
. . . = ldc(as) = 1. We call this representation of b a short representation. From the
minimality of s it follows that β1, β2, . . . , βs are linearly independent elements of P and
a1, a2, . . . , as are linearly independent elements of A. If b ∈ P ⊗k L then we can easily
find a short representation of b with an additional condition ai ∈ L for all i. Let
f = α1 ⊗ l1 + α2 ⊗ l2 + . . .+ αs ⊗ ls,
g = β1 ⊗m1 + β2 ⊗m2 + . . .+ βt ⊗mt,
T = γ1 ⊗W1 + γ2 ⊗W2 + . . .+ γr ⊗Wr
be short representations of f , g, T such that li, mj ∈ L for all i, j. Then,
f =
∑
i,j
γiβjWimj .
From this representation of f we can get every other short representation of f by lin-
ear transformations over k. Consequently, li belongs to the left ideal of A generated by
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m1, m2, . . . , mt for all i. It follows from (11) that αs = γrβt and ldm(ls) = ldm(Wr)ldm(mt).
Consequently,
ls = g1m1 + g2m2 + . . .+ gtmt
and ldm(g1), ldm(g2), . . . , ldm(gt−1) ≤ ldm(gt) = Wr.
It follows from [32, 33] that ls belongs to the Lie subalgebra generated bym1, m2, . . . , mt.
We fix h ∈ Lie < z1, z2, . . . , zt > such that ls = h(m1, m2, . . . , mt). We may assume that h
is homogeneous since m1, m2, . . . , mt are homogeneous and have the same degrees. In this
case their linear independency implies [36] their freeness in the Lie algebra L. Hence the
left A-submodule generated by these elements is free with the same free generators [36]. If
h = h1z1 + h2z2 + . . .+ htzt then hi(m1, m2, . . . , mt) = gi for all i. Put z1 < z2 < . . . < zt.
Note that
ldm(hi(m1, m2, . . . , mt)) = ldm(hi)(ldm(m1), ldm(m2), . . . , ldm(mt))
since ldm(m1) < ldm(m2) < . . . < ldm(mt) and have one and the same degrees. The
same idea gives ldm(hi) < ldm(hj) if and only if ldm(gi) < ldm(gj). Then,
ldm(h1), ldm(h2), . . . , ldm(ht−1) ≤ ldm(ht).
If h is not linear then this contradicts to Lemma 11, therefore h is linear. It is possible if
and only if Deg T = 0, hence Deg f = Deg g. 
6. Universal derivations
As before, P = k{x1, x2, . . . , xn} is the free Poisson algebra in the variables x1, x2, . . . , xn.
Denote by ΩP the left ideal of P
e generated by hx1 , hx2, . . . , hxn. By Theorem 2,
ΩP = P
ehx1 ⊕ P
ehx2 ⊕ . . .⊕ P
ehxn,
i.e., ΩP is a free left P
e-module. Note that
P e = P ⊕ ΩP .
Consider
H : P → ΩP
such that H(p) = hp for all p ∈ P . By Lemma 1, H is the universal derivation of P and
ΩP its universal differential module.
Recall that a set of elements f1, f2, . . . , fk of the free Poisson algebra P is called Poisson
free or Poisson independent if the Poisson subalgebra of P generated by these elements is
the free Poisson algebra with free generators f1, f2, . . . , fk. Otherwise these elements are
called Poisson dependent.
Lemma 13. Let f1, f2, . . . , fk be arbitrary elements of the free Poisson algebra P over a
field k of characteristic 0. If the elements f1, f2, . . . , fk are Poisson dependent then the
elements H(f1), H(f2), . . . , H(fk) are left dependent over P
e.
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Proof. Let F = F (z1, z2, . . . , zk) be a nonzero element of T = k{z1, z2, . . . , zk} with the
minimal degree such that F (f1, f2, . . . , fk) = 0. Suppose that
H(F ) = u1H(z1) + u2H(z2) + . . .+ ukH(zk)
in ΩT . We may assume that u1 = u1(z1, z2, . . . , zk) 6= 0. Note that deg u1 < deg F .
Consequently,
0 = H(F (f1, f2, . . . , fk)) = u
′
1H(f1) + u
′
2H(f2) + . . .+ u
′
kH(fk),
where u′i = ui(f1, f2, . . . , fk) for all i. If u
′
1 6= 0 then the last equation gives a nontrivial
dependency of H(f1), H(f2), . . . , H(fk).
Suppose that u′1 = 0. Note that u1 = t + w, where t ∈ T and w ∈ ΩT , since
U(T ) = T ⊕ ΩT . Obviously, t(f1, f2, . . . , fk) ∈ P and it easily follows from (1)–(2)
that w(f1, f2, . . . , fk) ∈ ΩP . Then, t(f1, f2, . . . , fk) = 0 and w(f1, f2, . . . , fk) = 0 since
0 = u′1 = t(f1, f2, . . . , fk) + w(f1, f2, . . . , fk) ∈ P ⊕ ΩP . If t 6= 0 then this contradicts to
the minimality of deg F since deg t ≤ deg u1 < deg F . If w 6= 0 then, continuing the
same discussions, we get a nontrivial dependency of H(f1), H(f2), . . . , H(fk) over P
e. 
Theorem 5. Let f and g be arbitrary elements of the free Poisson algebra
P = k{x1, x2, . . . , xn} in the variables x1, x2, . . . , xn over a field k of characteristic zero.
Then the following conditions are equivalent:
(i) f and g are Poisson dependent;
(ii) H(f) and H(g) are left dependent over P e;
(iii) f and g are polynomially dependent, i.e., they are algebraically dependent in the
polynomial algebra P ;
(iv) there exists a ∈ P such that f, g ∈ k[a];
(v) {f, g} = 0 in P .
Proof. By Lemma 12, (i) implies (ii). The conditions (iii), (iv), and (v) are equivalent
[18, 40]. Obviously, (iii) implies (i).
To prove the theorem it is sufficient to show that (ii) implies (iii). Note that f = 0 if
and only if H(f) = 0. Suppose that (H(f), H(g)) 6= 0 and
uH(f) + vH(g) = 0, (u, v) 6= 0.
Then obviously
uH(f) + vH(g) = 0, (u, v) 6= 0,
or equivalently,
ϕ(u)ϕ(H(f)) + ϕ(v)ϕ(H(g)) = 0, (ϕ(u), ϕ(v)) 6= 0
in the algebra B = P ⊗k A, where ϕ : P
e → gr P e is the gradation mapping (9). So,
ϕ(H(f)) and ϕ(H(g)) are left dependent over B.
Let l = l(x1, x2, . . . , xn) be an arbitrary element of the free Lie algebra
g = Lie < x1, x2, . . . , xn >. Then, Hl = hl = l(hx1 , hx2, . . . , hxn) by (1). Hence Hl =
l(y1, y2, . . . , yn) ∈ L. For every i ≥ 1 denote by ∂ei the usual partial derivation of the
polynomial algebra P in the variables (5). It can be easily checked that
H(a) =
∑
i≥1
∂ei(a)H(ei) ∈ PL
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for every a ∈ P . Consequently, ϕ(H(f)), ϕ(H(g)) ∈ P ⊗k L.
So, the homogeneous nonzero elements ϕ(H(f)) and ϕ(H(g)) of P ⊗k L are left de-
pendent over B. Then Deg ϕ(H(f))=Deg ϕ(H(g)) by Lemma 11. Recall that B is a
free associative algebra over P . Hence there exists nonzero elements λ, µ ∈ P such that
λϕ(H(f)) = µϕ(H(g)) or equivalently, λH(f) = µH(g) and hdeg (λH(f) − µH(g)) <
hdeg H(f) = hdeg H(f).
Using Lemma 7, it is easy to show thatH(f) and λH(f)−µH(g) are left dependent over
P e again. If λH(f)− µH(g) 6= 0 then ϕ(H(f)) and ϕ(λH(f)− µH(g)) are homogeneous
nonzero elements of P⊗kL left dependent over B. This contradicts to the statement of the
Lemma 11 since Deg ϕ(λH(f)−µH(g)) < Deg ϕ(H(f)). Consequently, λH(f)−µH(g) =
0. Then, ∑
i≥1
(λ∂ei(f)− µ∂ei(g))H(ei) = 0
and hence
λ∂ei(f)− µ∂ei(g) = 0
for all i ≥ 1. It is well-known (see, for example [27]) that in this case f and g are
algebraically dependent in the polynomial algebra P . 
For every p ∈ P = k{x1, x2, . . . , xn} the Fox derivatives
∂p
∂xi
(see [35, 36]) are uniquely
defined by
H(p) =
∂p
∂xi
hx1 +
∂p
∂xi
hx2 + . . .+
∂p
∂xi
hxn,
∂p
∂xi
∈ P e,
for all 1 ≤ i ≤ n. For every endomorphism ψ of the free Poisson algebra P we define the
Jacobian matrix J(ψ) = [uij] with uij =
∂ψ(xi)
∂xj
for all 1 ≤ i, j ≤ n. It is easy to show
[27] that J(ψ) is invertible over P e if ψ is an automorphism. The reverse statement is an
analogue of the classical Jacobian Conjecture for free Poisson algebras.
Theorem 6. Let ψ be an endomorphism of the free Poisson algebra P = k{x, y} in
the variables x, y over a field k of characteristic 0. If J(ψ) is invertible over P e then
ψ(x), ψ(y) ∈ k[x, y].
Proof. Put ψ(x) = f and ψ(y) = g. Note that J(ψ) is invertible over P e if and only
if ΩP is the free P
e module with basis H(f) and H(g). It is sufficient to prove that
hdeg (H(f)) = hdeg (H(g)) = 1.
Suppose that hdeg H(f) + hdeg H(g) ≥ 3. Note that ΩP = P
eH(f) + P eH(g) =
P ehx + P
ehy. Consequently, P
eH(f) + P eH(g) contains two elements hx and hy of h-
degree 1. Hence there exists (u, v) 6= 0 such that
uH(f) + vH(g) = 0.
As in the proof of Theorem 5, hdeg H(f) = hdeg H(g) and there exist 0 6= λ, µ ∈ P
such that hdeg (λH(f) − µH(g)) < hdeg H(f). Put T = λH(f) − µH(g). Note that
hdeg H(f) + hdeg T ≥ 3. By Lemma 8, it is not difficult to find a nonzero η ∈ P
such that ηhx, ηhy ∈ P
eH(f) + P eT . Again, as in the proof of Theorem 5, we get
hdeg H(f) = hdeg T . This is a contradiction. 
Using Jung’s Theorem [15] and Theorem 6 we get
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Corollary 4. Automorphisms of free Poisson algebras in two variables over a field of
characteristic zero are tame.
This is the third proof of this theorem. The first one was given in [17] by studing
the locally nilpotent derivations and the second was given in [19] as a corollary of the
Freiheitssatz.
Corollary 5. The two-dimensional Jacobian Conjecture for free Poisson algebras is equiv-
alent to the two-dimensional Jacobian Conjecture for polynomial algebras in characteristic
zero.
7. Comments and Problems
In Section 3 we proved that the universal enveloping algebras of the Poisson symplectic
algebra Pn and the Weyl algebra An are isomorphic. It is not difficult to show that this
result is true also for fields of positive characteristic. A. Belov-Kanel and M. Kontsevich
[4] formulated the next problem.
Problem 1. The automorphism group of the Weyl algebra of index n is isomorphic to
the group of polynomial symplectomorphisms of a 2n-dimensional affine space, i.e.,
AutAn ≃ AutPn.
This problem was posed in [4] for fields of characteristic zero but it makes sense in
positive characteristic also [1, 5, 30, 31].
Every automorphism ϕ of Pn can be uniquely extended to an automorphism ϕ
∗ of the
universal enveloping algebra P en by x 7→ ϕ(x), hx 7→ hϕ(x) for all x ∈ Pn. Similarly, every
automorphism ψ of An can be uniquely extended to an automorphism ψ
◦ of the universal
enveloping algebra Aen by x⊗ 1 7→ ψ(x)⊗ 1, 1⊗ x
′ 7→ 1⊗ ψ(x)′ for all x ∈ An. By means
of ϕ 7→ ϕ∗ and ψ 7→ ψ◦ we can identify the groups of automorphisms AutPn and AutAn
with the corresponding subgroups of AutP en and AutA
e
n, respectively. By means of the
canonical isomorphism θ from Section 3 we can identify P en and A
e
n and consider AutPn
and AutAn as subgroups of AutA2n.
Problem 2. Is it true that AutPn and AutAn are conjugate?
First of all it is interesting to know the answer to the question: Are AutPn and AutAn
conjugate in AutA2n? It seems the structure of an isomorphism between AutPn and
AutAn is very complicated if it exists.
The structure theory of Poisson algebras is not developed yet. In characteristic zero the
universal enveloping algebras of simple Poisson symplectic algebras, the Weyl algebras,
are also simple.
Problem 3. Is it true that every Poisson algebra P is (Poisson) simple if and only if its
universal enveloping algebra P e is simple?
Problem 4. Describe all simple Poisson brackets on the polynomial algebra k[x, y, z] in
three variables.
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It is well known (see [35, 36]) that the universal enveloping algebras of free Lie algebras
are free associative algebras and every left ideal of a free associative algebra is a free left
module [9]. These results are closely related to [36] classical theorems on free Lie algebras:
Subalgebras of free Lie algebras are free [28, 38]; Automorphisms of finitely generated free
Lie algebras are tame [8].
We say that the subalgebra membership problem is decidable for an algebra A if there
is an effective procedure that defines for any element a ∈ A and for any finitely generated
subalgebra B of A whether a belong to B or not. Some relations between the distortion
of subalgebras and the subalgebra membership problem were established in [2] for poly-
nomial, free associative, and free Lie algebras. It can be easily derived from [28, 38] that
the subalgebra membership problem is decidable for free Lie algebras. Moreover, finitely
generated subalgebras of free Lie algebras are residually finite [32]. The subalgebra mem-
bership problem is still open in the case of free Poisson algebras.
Problem 5. Is the subalgebra membership problem decidable for free Poisson algebras?
The subalgebra membership problem for free associative algebras is undecidable [34, 37].
In fact, if A = k〈x1, . . . , xn〉 is a free associative algebra, then the structure of the left
ideals of the universal enveloping algebra Ae = A ⊗k A
op is very difficult [34]. The left
ideal membership problem is algorithmically undecidable and the left dependency of a
finite set of elements of Ae is algorithmically unrecognizable [34]. The next problem is
closely related to Problem 5.
Problem 6. Is the left ideal membership problem decidable over the universal enveloping
algebras of free Poisson algebras?
By Theorem 4, the left dependency of a finite set of elements over the universal en-
veloping algebras of free Poisson algebras is algorithmically recognizable. This is a positive
result in the direction of solving Problems 5 and 6. These problems are also related to
the next problem.
Problem 7. Is the freeness of a finite set of elements of free Poisson algebras algorith-
mically recognizable?
Recall that the freeness of a finite set of elements is algorithmically recognizable in the
case of free Lie algebras (see, for example [33]) and unrecognizable in the case of free
associative algebras [34]. In Lemma 13 we proved that the Poisson dependency implies
the dependency of differentials.
Problem 8. Let f1, f2, . . . , fk be arbitrary elements of the free Poisson algebra P over a
field k of characteristic 0. Is it true that the left dependency of H(f1), H(f2), . . . , H(fk)
over P e imply the Poisson dependency of f1, f2, . . . , fk.
In relation with Corollary 5 we formulate one more question.
Problem 9. Is the Jacobian conjecture for free Poisson algebra equivalent to the classical
Jacobian conjecture?
The classical Jacobian conjecture is stably equivalent to homogeneous degree 3 case
[3, 13].
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Problem 10. Is the Jacobian conjecture for free Poisson algebras stably reducible to
homogeneous degree 3 case?
An analogue of the Jacobian Conjecture is true for free Lie algebras [23, 29, 33, 41], for
free associative algebras [11, 24], and for free nonassociative algebras [35, 39].
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